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This paper presents an inverse method for retrieving (i) the true

thermal conductivity, and (ii) the two-band absorption coeffi-
cient of soda-lime silicate glassmelts between 1100°C and

1550°C from measured steady-state temperature profiles. This

was achieved by combining (i) a forward method solving com-
bined conductive and radiative heat transfer accounting for

temperature-dependent thermal conductivity and spectral

absorption coefficient and (ii) an inverse method based on

genetic algorithm (GA) optimization. Four glassmelt composi-
tions from ultraclear to gray glasses with iron content ranging

from 0.008 to 1.1 wt% were investigated. First, it was estab-

lished that the steady-state temperature in glassmelt can be

predicted accurately by averaging the spectral absorption coef-
ficient over two bands from 0 to 2.8 lm and 2.8 to 5.0 lm.

The inverse method showed that the true thermal conductivity

was independent of the iron content and given by

kc(T) = 1.31 + 5.90 3 10
– 4T, where T is given in °C. In addi-

tion, the band absorption coefficient between 0 and 2.8 lm
strongly increased with increasing iron content, while the band

absorption coefficient between 2.8–5.0 lm was independent of
iron content.

I. Introduction

SODA-LIME silicate glass is used in numerous applications.
For example, clear and tinted glasses are used for build-

ing windows while so-called “solar control glass” is used for
automotive windows.1 The latter, characterized by a light
green tint, contains relatively large iron content around
1.0 wt% to absorb harmful ultraviolet (UV) and infrared
solar radiation. In addition, clear soda-lime silicate glasses,
featuring very low iron content and high transmittance, have
been used as substrate in solar cells.2,3

Knowing the temperature distribution and temperature
history of the glassmelt is essential in the manufacturing pro-
cess of the above-mentioned glass products. It enables proper
control of the production and ensures quality of the final
products.4 Heat transfer in semitransparent glassmelts at
high temperatures is strongly affected by radiation heat
transfer. Glassmelts with high iron content, such as gray and
green soda-lime silicate glasses, strongly absorb thermal radi-
ation.5 Then, radiation transfer can be treated as a diffusion
process 5–7 and the local heat flux is given by Fourier’s law

with an effective thermal conductivity defined as the sum of
the true (or phononic) thermal conductivity and the radiative
thermal conductivity based on Rosseland diffusion approxi-
mation.8 However, for glassmelts with low iron content, fea-
turing low absorption coefficient, thermal radiation transfer
can no longer be regarded as a diffusion process. Then, in
order to predict the temperature distribution in such glass-
melts, the true thermal conductivity, the absorption coeffi-
cient of the glassmelts, and the emissivity of the boundaries
are required.

This study presents an inverse method to retrieve (i) the
true thermal conductivity, and (ii) the absorption coefficient
of soda-lime silicate glassmelts from experimentally measured
temperature profiles at temperatures between 1100°C and
1550°C. The method was applied to four types of soda-lime
silicate glassmelts with iron content ranging from 0.008 to
1.1 wt%.

II. Background

(1) Combined Conductive and Radiative Heat Transfer
In semitransparent glassmelts, heat is transferred by both
conduction and radiation. To predict the local temperature
Tðr̂; tÞ, one needs to solve the energy conservation equa-
tion expressed as8,9

qðTÞcpðTÞ oTot ¼ r � kcðTÞrTð Þ � r � q~r (1)

Here, the divergence of the radiative heat flux q~r is defined as
8,9

r � q~r ¼
Z1
0

4pn2kIb;k Tðr̂; tÞð Þ � Gk r̂ð Þ� �
dk (2)

where Ib;k Tðr̂; tÞð Þ is the local spectral blackbody radiation
intensity, Gk is the spectral fluence rate defined as
Gkðr̂Þ ¼

R
4p

Ikðŝ; r̂ÞdX. The spectral intensity Ikðŝ; r̂Þ at location
r̂ in direction ŝ is governed by the radiative transfer equa-
tion (RTE). For an absorbing and emitting, but nonscatter-
ing media, the RTE can be written as8,9

ŝ � rIk ¼ �jkIk þ jkn
2
kIb;k Tðr̂; tÞð Þ (3)

where jk ¼ 4pkk=k is the spectral absorption coefficient,
while nk and kk are the real and imaginary parts of the
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complex index of refraction mk of the glassmelt defined as
mk = nk � ikk.

(2) Rosseland Diffusion Approximation
In the limiting case of optically thick glassmelts, the photon
mean free path is much smaller than the characteristic length
of the medium. Then, radiation can be treated as a diffusion
process based on the Rosseland diffusion approximation.
The total heat flux q~total can be expressed as the sum of the
conductive q~c and radiative q~r heat fluxes both given by
Fourier’s law as 8

q~total ¼ q~c þ q~r ¼ �kcðTÞrT� krðTÞrT ¼ �keffðTÞrT

(4)

where kc(T) and kr(T) are the conductive (or true) and radia-
tive thermal conductivities, respectively. The effective thermal
conductivity keff (T) can be expressed as the sum of the true
and radiative thermal conductivities 8

keffðTÞ ¼ kcðTÞ þ krðTÞ (5)

Based on the Rosseland diffusion approximation, the
radiative thermal conductivity kr(T) can be expressed as8,9

krðTÞ ¼ 16n2rT3

3jR
(6)

where r is the Stefan–Boltzmann constant
(r = 5.67 9 10�8 W/m2K4). The Rosseland mean absorption
coefficient jR can be computed from the spectral absorption
coefficient jk and the refractive index nk of the glassmelt
according to8

n2

jR
¼ p

4rT3

Z1
0

n2k
jk

dIb;kðTÞ
dT

dk (7)

where the blackbody spectral intensity Ib,k(T) under vacuum
is given by Planck’s law, and its derivative with respect to
temperature T in K is expressed as 8,9

dIb;k Tð Þ
dT

¼ 2hc2

k6kBT2

expðhc=kkBTÞ
expðhc=kkBTÞ � 1½ �2 (8)

Here, h, c, and kB are the Planck’s constant
(h = 6.626068 9 10�34 m2kg/s), the speed of light under vac-
uum (c = 299 792 458 m/s), and the Boltzmann constant
(kB = 1.3806503 9 10�23 m2kgs�2K�1), respectively.

(3) Experiment
Experimental methods to measure the effective thermal
conductivity keff(T) of glassmelt at high temperature have
been reviewed in Ref. [10] and need not be repeated. In
brief, they can be divided into steady-state and transient
methods.11,12 Steady-state methods such as the linear heat
flow method,10,13 the radial heat flow method,11 and the
interferometric method,7 measure directly the effective
thermal conductivity of glassmelts including both conduc-
tive and radiative contributions. Transient methods include
the laser flash method,14,15 the hot wire method,16 the
periodic heat flow method,17 and the needle probe
method.18 These transient methods have been used to
determine the effective thermal diffusivity of glassmelt and
retrieve the effective thermal conductivity based on the
glassmelt’s density and specific heat.

Endrys and Turzik19 measured the effective thermal conduc-
tivity of solid glass samples. They obtained the true thermal
conductivity kc(T) by subtracting the radiative thermal con-
ductivity kr(T) predicted by Rosseland diffusion approxima-
tion using the spectral absorption coefficient and the refractive
index of the glass samples. Andr�e and Degiovanni20 developed
a combined conductive and radiative heat transfer model for
the transient flash method. They proved that the flash method
can measure the true thermal diffusivity of semitransparent
materials if the sample features reflecting surfaces (e.g., gold
coated) and an equivalent optical thickness less than 0.1 based
on the Rosseland or Planck mean absorption coefficient. The
authors measured the true thermal diffusivity of solid float
glass, featuring 0.09 wt% of Fe2O3 and coated with gold,
between 25°C and 500°C. Lazard et al.21 retrieved the true
thermal conductivity of solid float glass between 20°C and
427°C using the laser flash method and rear-face thermograms.
The glass samples were assumed to be gray, and a semianalyti-
cal model was employed to account for combined conduction
and radiation. The optimization was implemented using the
Levenberg–Marquardt algorithm to retrieve the glass optical
thickness, Planck number, phononic diffusivity, and Biot num-
ber. Unfortunately, the authors did not report the iron content
and the thickness of the float glass samples investigated. Mann
et al.22 experimentally determined the true thermal conductiv-
ity of solid soda-lime float glass between 240°C and 500°C. A
plane-parallel glass slab was heated to a uniform initial tem-
perature near the softening point. It was then immediately
transferred to the laboratory ambient, and the time-dependent
boundary and center-plane temperatures were recorded as the
sample cooled down, using embedded thermocouples. The
temperatures measured at the sample surfaces were used as
boundary conditions of a combined conductive and radiative
heat transfer model. The volumetric heat capacity qcp was
measured independently, while the spectral absorption coeffi-
cient jk was taken from the literature.23 The temperature-
dependent true thermal conductivity kc(T) was obtained by
matching the experimentally measured time-dependent center-
plane temperature with those predicted theoretically. It was
found to be kc(T) = 1.14 + 6.24 9 10�4T, with T given in °C.
Although the authors did not report the iron content of the
float glass investigated, this formula has been used for various
soda-lime silicate glasses with different iron contents.24,25

Unlike previous studies, the present effort considered mol-
ten glass samples with known iron content and retrieved
simultaneously their true thermal conductivity and the spec-
tral absorption coefficient from actual steady-state tempera-
ture measurements. The inverse method developed used
genetic algorithm (GA) 26,27 as the optimization method and
a numerical solver for Eqs. (1–3) based on finite volume and
Monte Carlo method (MCM) for the forward problem.
Finally, the validity of the Rosseland diffusion approxima-
tion was systematically discussed.

III. Analysis

(1) Schematic and Assumptions
The four types of soda-lime silicate glassmelts investigated in
this paper along with the experimental setup measuring the
steady-state temperature profile for different furnace temper-
ature Tf have been described in detail in Ref. [10]. The uncer-
tainties for the measured temperatures were estimated to be
DT = 5°C as discussed in our previous study.10 Soda-lime sil-
icate glass with the prescribed composition was crushed and
melted in a high-alumina crucible of large cross section and
heated from the top in a high-temperature furnace. The
thickness L of the glassmelt varied between 14 and 17 cm
depending on the glassmelts composition. The steady-state
temperature profile was measured by inserting a type-B
sheathed thermocouple into the glassmelt along the center
line of the crucible. The furnace temperature Tf varied from
1300°C to 1500°C or 1550°C by 50°C increment.
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Figure 1 shows schematically the experimental apparatus
along with the coordinate system and the different variables
considered. To simplify the problem, the following assump-
tions were made:

1. One dimensional (1D) heat transfer prevailed along
the x-direction. This was valid by virtue of the fact
that (1) the thickness of the glassmelt was small com-
pared with the cross section of the crucible, (2) the
temperature distribution was measured along the cru-
cible center line, thus minimizing edge effects, (3) the
effective thermal conductivity of the glassmelt consid-
ered was 4 to 40 times larger than that of the crucible,
(4) the furnace crown served as a reradiating surface,
thus ensuring the incident radiation was diffuse and
uniform over the glassmelt surface.

2. The glassmelts were considered to be opaque for wave-
lengths larger than kcut = 5.0 lm as established in the
literatures.22,24,25 Indeed, beyond kcut = 5.0 lm, jk
exceed 5 9 103 m�1 and the photon mean free path was
less than 0.2 mm for all glass compositions consid-
ered.24 In fact, the effect of kcut on the steady-state tem-
perature profiles was found to be negligible for kcut
between 5.0 and 8.0 lm (see Fig. S1 in Supplementary
Materials).

3. The top surface (x = L) of the glassmelt was treated
as optically smooth, semitransparent, and specularly
reflecting. The spectral directional reflectivity qL,k(h) of
the surface was calculated by combining Fresnel’s
equations for reflection and Snell’s law of refraction.8,9

The emissivity in the opaque spectral region (k > kcut)
at the glassmelt surface located at x = L was taken as
ɛL = 0.9, as reported in Ref. [24].

4. The alumina crucible was assumed to be opaque, gray,
and diffusely reflecting and emitting with emissivity ɛ0
taken as ɛ0 = 1.0 by analogy with Ref. [24, 25, 28]. In
fact, the normal spectral emissivity of the crucible in
the glassmelt can be estimated by8

e0;k;n ¼ 1� qk;n ¼ 1� nk;2 � nk;1
� �2 þ kk;2 � kk;1

� �2
nk;2 þ nk;1
� �2 þ kk;2 þ kk;1

� �2 (9)

Here, qk,n is the spectral normal reflectivity of the cru-
cible wall in the glassmelt while nk,1, kk,1 and nk,2, kk,2
are the refractive and absorption indices of the glass-

melt and crucible, respectively. The refractive and
absorption indices of alumina was reported in Ref. [29]
while that of gray, green, bronze, clear, and low-iron
soda-lime silicate glasses at room temperature was
reported by Rubin.23 Then, the estimated normal emis-
sivity ɛ0,k,n of the crucible wall was larger than 0.99 for
the different glassmelt compositions and over the spec-
tral region from 0 to kcut (see Fig. S2 in Supplementary
Materials).

5. The refractive index of the glass was considered to be
constant, independent of temperature, and equal to
nk = 1.49 over the spectral region 0–5.0 lm, as
assumed in Ref. [24].

6. The true glassmelt thermal conductivity was assumed
to be linearly dependent on temperature so that
kc(T) = a + bT, where T is expressed in °C.22

7. The spectral absorption coefficient of the glassmelt was
assumed to be constant over two spectral bands, i.e.,
jk = j1 for k between 0 and 2.8 lm and jk = j2 for
k ranging from 2.8–5.0 lm as suggested by the optical
properties of different soda-lime silicate glasses.23

(2) Governing equations and boundary conditions
The 1D temperature profile in the glassmelt can be predicted
by solving Eqs. (1–3). The boundary condition at the bottom
of the glassmelt in contact with the crucible located at x = 0
can be written as24

�kc Tð ÞdT
dx

0ð Þ � a0

Zkcut
0

q00r;k 0ð Þdkþ pe0

Zkcut
0

Ibk T 0ð Þ½ �dk

¼ q000 ð10Þ

where a0 and ɛ0 are the total hemispherical absorptivity and
emissivity of the crucible bottom in contact with the glass-
melt, q00r;k is the spectral radiation heat flux. Here, q000 is the
conductive heat flux measured across the crucible bottom
wall, and given by q000 ¼ �kcr½Tðx ¼ 0Þ � TS�=dcr, where kcr
and dcr are the thermal conductivity and thickness of the cru-
cible and TS is the temperature at the outer surface of the
crucible’s bottom (Fig. 1).

The boundary condition at the top of the glassmelt located
at x = L can be written as24

�kc Tð ÞdT
dx

Lð Þ¼ peL

Z1
kcut

Ibk T Lð Þ½ �dk�
Z1
kcut

Ibk Tfð Þdk

8><
>:

9>=
>; (11)

where ɛL is the total hemispherical emissivity of surface
x = L for the spectral range where the glassmelt is considered
to be opaque to thermal radiation.

The MCM was employed to solve the RTE on a spectral
basis while the finite volume method was used to solve the
energy equation. The steady-state solution was considered to
be reached when the relative difference in local temperature
T(x) between two consecutive time steps did not exceed
10�6.

(3) Verification of the Combined Heat Transfer Model
In order to validate the combined conduction and radiation
computer program used in the forward problem, we com-
pared the predicted steady-state temperature profile with that
reported by Lee and Viskanta24 for a plane-parallel slab of
float and green glasses. The top of the glass slab was a free
surface assumed to be optically smooth and specularly

L

kc(T ), кλ,

Heating rods

T0

Radiant heat

T”q 0 s

dcr

Crucible, kcr(T)

Glassmelt

xSemitransparent
Specularly reflecting

Opaque, gray,
diffuse surface

0

Tf

T(xi)

nλ

ρL,λ (θ)

εL

ε0

Fig. 1. Schematic of the physical model and of the associated
coordinate system.

April 2016 Glassmelts Thermal Properties 1273



reflecting, like in this study. The authors used the spectral
absorption coefficient of clear and green soda-lime silicate
glasses reported by Rubin.23 The spectrum was decomposed
in eight spectral bands (see Fig. S3 in Supplementary Materi-
als). The true thermal conductivity for float and green glass
was taken as kc(T) = 1.14 + 6.24 9 10�4T, where T is given
in °C.22 Temperature profiles predicted by the present code
were in good agreement with those reported by Lee and Vis-
kanta24 for both types of glass and for three different slab
thicknesses L of 0.01, 0.1, and 1.0 m (see Fig. S4 in Supple-
mentary Materials).

(4) Verification of Two-Band Approximation for
Glassmelts
In order to simplify the inverse method, the spectral absorp-
tion coefficient of soda-lime silicate glasses was approximated
as constant over two spectral bands below 5.0 lm, i.e.,
jk = j1 for k between 0 and 2.8 lm and jk = j2 for k in the
band 2.8–5.0 lm.23 To validate this assumption, let us con-
sider a slab of high-iron (gray) and low-iron content soda-
lime silicate glassmelts (see Fig. S5 in Supplementary Materi-
als). The true thermal conductivity of both glasses was taken
as kc(T) = 1.14 + 6.24 9 10�4T.22 The furnace temperature
Tf was set as 1400°C, while the thickness L was 14 cm for
the gray glassmelt and 16 cm for the low-iron glassmelt.
Two-band Rosseland mean absorption coefficients jR,1 and
jR,2 can be defined for each band [ki,min, ki,max] taken as [0,
k1] for i = 1 and as [k1,kcut] for i = 2 as

1

jR;i
¼

Zki;max

ki;min

1

jk

dIb;kðTÞ
dT

dk

, Zki;max

ki;min

dIb;kðTÞ
dT

dk (12)

Here, the wavelength k1 = 2.8 lm and kcut = 5.0 lm, the
temperature T used in Eq. (12) was 1355°C and 1380°C for
gray and low-iron glassmelts, respectively. These values cor-
responded to the average glassmelt temperature predicted
using the spectral absorption coefficient reported by
Rubin.23 Here, the total hemispherical emissivity ɛ0 was
taken as unity. The total heat flux q000 across the gray and
low-iron glassmelts was taken arbitrarily as 12 000 and
15 000 W/m2, respectively. For the gray glassmelt, the maxi-
mum difference in the temperature profiles predicted using
(i) the spectral absorption coefficient23 and (ii) the two-band
approximation was about 8°C or 0.6%. For the low-iron
glassmelt, the temperature difference was less than 4°C or
0.3% (see Fig. S6 in Supplementary Materials). These
results indicate that the two-band model gives acceptable
results and can be used to predict the steady-state tempera-
ture profile in soda-lime silicate glassmelts for both low and
high iron contents.

(5) Inverse Method
The goal of the inverse problem was to retrieve (i) the true
thermal conductivity kc(T) = a + bT, where a and b are
unknown parameters and (ii) the band absorption coeffi-
cients j1 and j2 in the spectral bands 0–2.8 lm and
2.8–5.0 lm, respectively. In addition, the furnace tempera-
ture Tf was not measured accurately in the experiments
described in Ref. [10]. However, the predicted temperature
profile was very sensitive to Tf as it directly affected the
boundary condition at surface x = L [Eq. (11)]. Therefore,
the furnace temperature was also regarded as an unknown
parameter to be retrieved and denoted by Tf,R. Overall,
five parameters were retrieved from the experimentally
measured temperature profile, namely a, b, j1, j2, and Tf,

R. This was achieved by minimizing the fitness function F
defined as

F ¼ 1

N

XN
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Texp xið Þ � Tpred xið Þ

Texp xið Þ
� �2

s2
4

3
5 (13)

where Texp(xi) and Tpred(xi) are the experimentally measured
and numerically predicted temperatures at N discrete depths
xi in the glassmelt.

Figure 2 shows the block diagram of the inverse method
based on genetic algorithm (GA) and used to minimize the
fitness function F. The input parameters included the glass-
melt depth L, the total heat flux q000, the glassmelt refractive
index n, its emissivities ɛ0 and ɛL at the bottom and top sur-
faces. The GA optimization was such that the minimum and
maximum number of generations was 20 and 70 while the
number of individuals P per generation was 100. First, P
individual sets of parameters (a, b, j1, j2, Tf,R) were gener-
ated randomly. The bounds for parameters a, b, j2, and Tf,R

for all glassmelts were such that a2[1.0, 2.0] W�(m�K)�1, b2
[10�4, 10�3] W�(m�K)�1, j22[300, 600] m�1, and Tf,

R2[Tf�50, Tf + 50] °C, respectively. The bound for parame-
ter j1 was set as j12[100, 300] m�1 for gray and green glass-
melts while it was j12[0, 80] m�1 for clear and low-iron
glassmelts based on data reported by Rubin.23 Then, the cor-
responding temperature profiles were computed by numeri-
cally solving Eqs. (1–3), (10) and (11). The fitness function F
was computed for each individual. The convergence criteria
was satisfied if the fitness function of the best individual was
smaller than the tolerance error of 10�3. In the event when
the fitness function of the best individual was larger than
10�3 after 50 generations, 20 additional generations were per-
formed, and the best individual with the lowest fitness func-
tion was retained. In all cases, the fitness function was less
than 3 9 10�3, which was considered acceptable.

The inverse method was successfully validated by retriev-
ing the input parameters from numerically generated temper-
ature profiles predicted from the combined conduction and
radiation model using realistic values of the parameters a, b,
j1, j2, and Tf,R. In all cases, the inverse method was able to
retrieve the imposed values of kc(T), j1, j2, and Tf,R within
about 10% (see Table S1 in Supplementary Materials).

IV. Results and Discussion

(1) Composition 1: Gray Soda-Lime Silicate Glassmelt
Table I reports the values of parameters a, b, j1, j2, and Tf,R

retrieved by the inverse method for gray soda-lime silicate
glassmelt with 1.1 wt% Fe2O3 (composition 1) for furnace
temperature Tf of 1300°C, 1350°C, 1400°C, 1450°C, 1500°C,

Tpred(xi)

L ε0

к1 к2

к1 к2

q0εL, , , n, 

Combined 
conduction and 
radiation solver

P individuals per 
generation

(a b Tf,R)1≤ j 

Genetic algorithm

F < 10-3?Generate 
new generation

No

Yes

Input

a b Tf,ROutput

Experiments

Texp(xi)

Inverse method

"

Fig. 2. Block diagram of the inverse method used in this study to
retrieve the parameters (a, b, j1, j2, Tf,R) from the experimental
temperature profile Texp(xi).
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and 1550°C. First, it is interesting to note that the retrieved
furnace temperature Tf,R fell within 4°C of its set value. In
addition, the fitness function approached or was below 10�3.
The retrieved values of a and b were less consistent. How-
ever, this should be assessed only by considering the retrieved
true thermal conductivity kc(T) = a + bT. In fact, Fig. 3(a)
shows the true thermal conductivity kc(T) retrieved for gray
soda-lime silicate glassmelt. It indicates that kc(T) was consis-
tent from one furnace temperature to another. It increased
from about 1.9 to 2.2 W�(m�K)�1 as the temperature of the
glassmelt increased from 1140°C to 1550°C. More impor-
tantly, the retrieved values of kc(T) agreed very well with that
reported by Mann et al.22 for solid soda-lime silicate glass at
temperature between 240°C and 500°C. In addition, Fig. 3(a)
shows the effective thermal conductivity keff(T) predicted by
Eqs. (5–8) using the two-band absorption coefficient approxi-
mation. It also reproduces the predictions of the expression
of keff(T) reported in Ref. [10] and obtained by treating radi-
ation as a diffusion process. The results for keff(T) retrieved
in this study fell within 10% of those reported in Ref. [10].

Figure 3(b) shows the two-band absorption coefficients j1
and j2 retrieved for the gray soda-lime silicate glassmelt in
the spectral bands 0–2.8 lm and 2.8–5.0 lm for different fur-
nace temperatures. It indicates that the retrieved values of j1
and j2 were consistent from one furnace temperature to
another. Their average values were j1 = 218.0 m�1 and
j2 = 442.3 m�1, respectively. Figure 3(b) also shows the
spectral absorption coefficient of “gray” soda-lime silicate
glass, reported by Rubin,23 but of unknown iron content. It
is evident that the retrieved value of j1 was larger than that
reported by Rubin.23 On the other hand, j2 agreed well with
Rubin’s data in the 2.8–5.0 lm band. This may due to the
fact that the iron content was different between these two
“gray” glasses. Indeed, the iron content strongly affected the
spectral absorption of glass coefficient between 0 and 2.8 lm
and significantly less between 2.8 and 5.0 lm as discussed in
the next sections.

Figure 4 compares the experimentally measured tempera-
ture profiles with that numerically predicted by accounting
for combined conduction and radiation using the retrieved
parameters shown in Table I for set furnace temperature Tf

of 1300°C and 1550°C. It indicates that the numerically pre-
dicted temperature profiles fell within the experimental uncer-
tainty. Similar results and conclusions were obtained for the
other furnace temperatures (see Fig. S7 in Supplementary
Materials).

(2) Composition 2: Green Soda-Lime Silicate Glassmelt
Table II reports the values of a, b, j1, j2, and Tf,R retrieved
for green soda-lime silicate glassmelt with 0.512% Fe2O3

(composition 2) for furnace temperature Tf between 1300°C
and 1500°C. The retrieved temperature Tf,R followed the
same trend as Tf, but was systematically lower by 20°C–35°C
corresponding to a relative difference of less than 3%.

Figure 5(a) shows the retrieved true thermal conductivity
kc(T) for green soda-lime silicate glassmelt. Here also, the
retrieved values of kc(T) were consistent and agreed well with

Table I. Retrieved Parameters for Gray Soda-Lime Glassmelt (composition 1) for Furnace Temperature Tf Between 1300°C and
1550°C

Set furnace temperature Tf (°C)

Retrieved parameters

Tf,R (°C) a (W/m�K) b (W/m�K2) j1 (m
�1) j2 (m

�1) Fitness, F

1300 1296 1.05 6.50 9 10�4 219.2 445.8 1.03 9 10�3

1350 1348 1.75 2.60 9 10�4 215.6 452.6 1.00 9 10�3

1400 1396 1.14 6.35 9 10�4 212.0 402.0 8.98 9 10�4

1450 1451 1.30 6.27 9 10�4 234.8 473.0 1.29 9 10�3

1500 1503 1.51 4.39 9 10�4 212.1 433.0 9.00 9 10�4

1550 1552 1.84 1.15 9 10�4 214.0 447.6 3.14 9 10�4

(a)

(b)

Fig. 3. Retrieved (a) true and effective thermal conductivities and
(b) absorption coefficient of gray soda-lime silicate glassmelt
(composition 1) for furnace temperature between 1300°C and
1550°C. Also shown are (i) the prediction of kc(T) from Ref. [22] (ii)
the prediction of keff(T) for gray glass from Ref. [10], and (iii) the
experimental data of jk for gray glass from Ref. [23].
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Fig. 4. Comparison between experimentally measured and
numerically predicted temperature profiles using the retrieved
properties reported in Table I for gray soda-lime silicate glassmelt
(composition 1) at furnace temperature Tf of 1300°C and 1550°C.
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the expression reported by Mann et al.22 Figure 5(a) also
shows the effective thermal conductivity keff(T) predicted by
Eqs. (5–8) using the two-band absorption coefficient approxi-
mation along with the expression of keff(T) reported in Ref.
[10] and obtained by treating radiation as a diffusion process.
Here also, the estimates of keff(T) fell within 10% of those
reported in Ref. [10]. Based on the retrieved two-band

absorption coefficient, the spectrally averaged mean free path
of photons in gray and green glassmelts between 1100°C and
1500°C, estimated as lR = 1/jR, was about 0.45 and 0.55 cm,
respectively. These values were much smaller than the glass-
melt thickness of 14 and 17 cm, so that the gray and the
green glassmelts can be treated as optically thick and radia-
tion transfer as a diffusion process.

Figure 5(b) shows the two-band absorption coefficients j1
and j2 of the green soda-lime silicate glassmelt in the spectral
ranges 0–2.8 lm and 2.8–5.0 lm retrieved for different fur-
nace temperatures for the green soda-lime silicate glassmelt.
It indicates that the retrieved values of j1 and j2 were consis-
tent for different furnace temperatures. Their average values
j1 and j2 were equal to 178.7 and 458.0 m�1, respectively.
In other words, a reduction in iron content from 1.1 to
0.512 wt% resulted in a relatively small (~18%) decrease in
absorption coefficient j1 of the soda-lime silicate glassmelt,
while the absorption coefficient j2 remained almost
unchanged. In addition, Fig. 5(b) plots the spectral absorp-
tion coefficient of green glass reported by Rubin.23 It shows
that the retrieved values of j1 and j2 agreed well with
Rubin’s data for both spectral bands 0–2.8 lm and 2.8–
5.0 lm. Finally, the numerically predicted temperature pro-
files for green glassmelt using the retrieved parameters shown
in Table II for all furnace temperatures were also in good
agreement with experimental data (see Fig. S8 in Supplemen-
tary Materials).

(3) Composition 3: Clear Soda-Lime Silicate Glassmelt
Table III reports the values of a, b, j1, j2, and Tf,R retrieved
for clear soda-lime silicate glassmelt with 0.084 wt% Fe2O3

(composition 3) for furnace temperature Tf between 1300°C
and 1500°C. Here also, the retrieved furnace temperature
Tf,R followed the same trend as the set value, but was sys-
tematically lower by 20°C–40°C, i.e., by less than 3%.

Figure 6(a) shows the retrieved true thermal conductivity
kc(T) for clear soda-lime silicate glassmelt. It indicates that
kc(T) increased from about 1.8 to 2.5 W�(m�K)�1 as the
glassmelt temperature increased from 1200°C to 1480°C. It
agreed well with the expression reported by Mann et al.22

Figure 6(a) also shows the effective thermal conductivity
keff(T) predicted by Eqs. (5–8) using the two-band absorption
coefficient (j1,j2). It deviated significantly from those
reported in Ref. [10].

Table II. Retrieved Parameters for Green Soda-Lime Glassmelt (composition 2) for Furnace Temperature Tf Between 1300°C and
1500°C

Set furnace temperature Tf (°C)

Retrieved parameters

Tf,R (°C) a (W/m�K) b (W/m�K2) j1 (m
�1) j2 (m

�1) Fitness, F

1300 1267 1.47 4.77 9 10�4 165.8 410.0 2.10 9 10�3

1350 1317 1.61 3.80 9 10�4 183.7 493.5 2.17 9 10�3

1400 1375 1.60 4.18 9 10�4 183.7 403.8 1.66 9 10�3

1450 1424 1.16 6.32 9 10�4 177.8 495.9 1.44 9 10�3

1500 1477 1.52 3.90 9 10�4 182.6 486.9 3.40 9 10�4

(a)

(b)

Fig. 5. Retrieved (a) true and effective thermal conductivities and
(b) absorption coefficient of green soda-lime silicate glassmelt
(composition 2) for furnace temperature between 1300°C and
1500°C. Also shown are (i) the prediction of kc(T) from Ref. [22] (ii)
the prediction of keff(T) for green glass from Ref. [10], and (iii) the
experimental data of jk for green glass from Ref. [23].

Table III. Retrieved Parameters for Clear Soda-Lime Glassmelt (composition 3) for Furnace Temperature Tf Between 1300°C and

1500°C

Set furnace temperature Tf (°C)

Retrieved parameters

Tf,R (°C) a (W/m�K) b (W/m�K2) j1 (m
�1) j2 (m

�1) Fitness, F

1300 1261 1.40 4.66 9 10�4 39.3 456.9 6.25 9 10�4

1350 1317 1.65 4.95 9 10�4 42.5 472.4 6.77 9 10�4

1400 1373 1.01 5.89 9 10�4 41.0 459.0 5.19 9 10�4

1450 1426 1.21 5.72 9 10�4 49.8 453.7 8.28 9 10�4

1500 1476 1.65 5.84 9 10�4 41.4 453.8 1.19 9 10�3
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Figure 6(b) shows the two-band absorption coefficients j1
and j2 in the spectral bands 0–2.8 lm and 2.8–5.0 lm
retrieved for different furnace temperatures as well as the
spectral absorption coefficient jk reported by Rubin23 for
clear soda-lime silicate glass of unknown iron content. It
indicates that the retrieved values of j1 and j2 for different
furnace temperatures were consistent from one set furnace
temperature to another with average values of
j1 = 42.8 m�1 and j2 = 459.2 m�1. The average absorption
coefficient j1 decreased from 218.0 m�1 to 178.7 m�1 and
42.8 m�1 as the iron content decreased from 1.1 wt% to
0.512 wt% and 0.084 wt.%. On the other hand, the average
band absorption coefficient j2 remained almost unchanged.
Finally, the numerically predicted temperature profiles
obtained using the retrieved parameters shown in Table III
for all furnace temperatures were in good agreement with
experimental measurements (see Fig. S9 in Supplementary
Materials).

(4) Composition 4: Low-Iron Soda-Lime Silicate Glassmelt
Table IV reports the values of a, b, j1, j2, and Tf,R retrieved
for low-iron (ultraclear) soda-lime silicate glassmelt with
0.008 wt% Fe2O3 (composition 4) for furnace temperature Tf

between 1300°C and 1500°C. The retrieved furnace tempera-
ture Tf,R followed the same trend as the set value, but was
systematically lower by 10°C–15°C, or less than 2%.

Figure 7(a) shows the retrieved true thermal conductivity
kc(T) for low-iron soda-lime silicate glassmelt. It indicates
that, here also, the true thermal conductivity kc(T) was in
good agreement with that reported by Mann et al.22 In addi-
tion, Fig. 7(a) shows the effective thermal conductivity keff(T)
predicted from Eqs. (5–8) using the true thermal conductivity
kc(T) and the two-band absorption coefficient approximation.
It is obvious that predictions of keff(T) were significantly lar-
ger than those reported in Ref. [10] This was due to the fact
that the absorption coefficient for clear and low iron soda-
lime silicate glassmelts was relatively small. In fact, the corre-
sponding averaged photon mean free paths were, respec-
tively, around 2.3 and 3.2 cm. Thus, radiation transfer in
such glassmelts could not be regarded as a diffusion process.
Instead, combined conductive and radiative heat transfer
governed by Equations (1–3) should be considered. In addi-
tion, large jumps could be observed in the effective thermal
conductivities keff(T) for different furnace temperatures for
compositions 3 [Figs. 6(a), 4 and 7(a)]. This was due to the
fact that the radiative thermal conductivity kr(T) contributes
the most to keff(T) for compositions 3 and 4 and was sensi-
tive to the retrieved values of j1 and j2.

Figure 7(b) shows the two-band absorption coefficient j1
and j2 in the spectral bands 0–2.8 lm and 2.8–5.0 lm
retrieved for different furnace temperatures along with the
spectral absorption coefficient jk reported by Rubin23 for
low-iron soda-lime silicate glass. It indicates that the
retrieved values of j1 and j2 were consistent from one fur-
nace temperature to another. Their respective average value
was equal to j1 = 30.7 m�1 and j2 = 476.2 m�1, respectively.
The retrieved value of j1 was larger than that reported by
Rubin.23 whereas j2 was similar to those retrieved for the
three other compositions and reported in Ref. [23].

Figure 8 compares the experimentally measured tempera-
ture profile with those numerically predicted by accounting
for combined conduction and radiation using the retrieved
parameters summarized in Table IV for furnace temperature
Tf of (a) 1300°C and (b) 1500°C. The numerical predictions
agree very well with the experimental data and the nonlinear
temperature profile was accurately captured. Similar results
were obtained for other furnace temperatures (see Fig. S10 in
Supplementary Materials).

V. Discussion

Figure 9(a) summarizes the true thermal conductivity
retrieved for the four types of soda-lime silicate glassmelts
with iron content ranging from 0.008 to 1.1 wt% for temper-
ature between 1100°C and 1550°C. It indicates that the
retrieved true thermal conductivity kc(T) was independent of

(a)

(b)

Fig. 6. Retrieved (a) true and effective thermal conductivities and
(b) absorption coefficient of clear soda-lime silicate glassmelt
(composition 3) for furnace temperature between 1300°C and
1500°C. Also shown are (i) the prediction of kc(T) from Ref. [22] (ii)
the prediction of keff(T) for clear glass from Ref. [10], and (iii) the
experimental data of jk for clear glass from Ref. [23].

Table IV. Retrieved Parameters for Low-Iron Soda-Lime Glassmelt (composition 4) for Furnace Temperature Tf Between 1300°C
and 1500°C

Set furnace temperature Tf (°C)

Retrieved parameters

Tf,R (°C) a (W/m�K) b (W/m�K2) j1 (m
�1) j2 (m

�1) Fitness, F

1300 1284 1.26 4.59 9 10�4 33.0 464.7 4.48 9 10�4

1350 1335 1.64 3.92 9 10�4 30.4 457.3 9.21 9 10�4

1400 1385 1.19 7.99 9 10�4 27.5 475.3 7.50 9 10�4

1450 1438 1.06 6.35 9 10�4 33.0 474.6 8.00 9 10�4

1500 1490 1.03 9.19 9 10�4 29.8 509.1 5.25 9 10�4
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content and agreed relatively well with the formula reported
by Mann et al.22 for soda-lime silicate glass between 240°C
and 500°C. The data retrieved between 1100°C and 1550°C
can also be least-square fitted as a linear function of temper-
ature T (in °C) given by

kc Tð Þ ¼ 1:31þ 5:90� 10�4T (14)

Figure 9(b) shows the average value and the standard
deviation of the retrieved two-band absorption coefficients j1
and j2 as a function of iron content for different furnace

temperatures. Figure 9(b) indicates that the iron content of
soda-lime silicate glassmelt c (in wt%) affects strongly the
average absorption coefficient j1 in the spectral band 0–
2.8 lm. Indeed, the value increased from 30.7 to 218.0 m�1

as the glassmelt iron content increased from 0.008 to 1.1 wt
%. It can be fitted as a function of iron content c (in wt%)
as

j1 cð Þ ¼ 238� 221 e�c=0:428ðin m�1Þ (15)

On the other hand, the absorption coefficient j2 in the
wavelength band 2.8–5.0 lm was found to be independent of
iron content and equal to 460 � 15 m�1. These results are
qualitatively consistent with data reported by Rubin.23 It is
interesting to note that the average bandwise Rosseland
absorption coefficient jR;2 computed in Section III(4) for
gray and low-iron soda-lime silicate glassmelts was 474 m�1.

VI. Conclusion

This paper presented an inverse analysis for retrieving (i) the
true thermal conductivity kc(T) and (ii) the two-band absorp-
tion coefficient j1 and j2 of soda-lime silicate glassmelts with
iron content ranging from 0.008 to 1.1 wt% from experimen-
tally measured steady-state temperature profiles. The true
thermal conductivity of soda-lime glassmelt can be consid-
ered to be independent of iron content and was given by
kc(T) = 1.31 + 5.90 9 10�4T, where T is given in °C and
ranges between 1100°C and 1500°C. The average absorption
coefficient j1 for the spectral band 0–2.8 lm was strongly
dependent on iron content of the glassmelt and captured by
an exponential function [Eq. (15)]. On the other hand, the
average absorption coefficient j2 in the spectral band 2.8–
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Fig. 8. Comparison between experimentally measured and
numerically predicted temperature profiles using the retrieved
properties reported in Table IV for low-iron soda-lime silicate
glassmelt (composition 4) at furnace temperature Tf of 1300°C and
1500°C.

(a)

(b)

Fig. 7. Retrieved (a) true and effective thermal conductivities and
(b) absorption coefficient of low-iron soda-lime silicate glassmelt
(composition 4) for furnace temperature between 1300°C and
1500°C. Also shown are (i) the prediction of kc(T) from Ref. [22] (ii)
the prediction of keff(T) for low-iron glass from Ref. [10], and (iii)
the experimental data of jk for low-iron glass from Ref. [23].

Fig. 9. Retrieved (a) true thermal conductivities and (b) two-band
absorption coefficients of soda-lime silicate glass with different iron
content ranging from 0.008 to 1.1 wt% and furnace temperature
between 1300°C and 1550°C. Also shown are the predictions of kc(T)
from Eq. (14) and from Ref. [22].
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5.0 lm was independent of iron content and equal to
460 � 15 m�1, which was consistent with data reported in
the literature.23
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Additional Supporting Information may be found in the
online version of this article:

Table S1. The true and retrieved input parameters from
numerically generated temperature profiles predicted from
the combined conduction and radiation heat transfer model
for different data sets of a, b, j1, j2, and Tf,R.

Figure S1. (a) Spectral absorption coefficient of gray and
low-iron glass reported in the literature [23] as well as the
corresponding band coefficients used to predict steady-state
temperature profile in the glassmelts; (b) the predicted
steady-state temperature profiles in the gray and low-iron
glassmelts slab for various cut-off wavelength of kcut = 5 and
8 lm and for furnace temperature Tf = 1400°C.

Figure S2. Estimated spectral normal emissivity of the cru-
cible wall based on the optical properties of various soda-
lime silicate glass reported in the literature [23] and the opti-
cal properties of alumina (the crucible was made of ~97%
alumina) reported in the literature [29].

Figure S3. Spectral absorption coefficient of (a) float/clear
glass and (b) green glass reported in Ref. [23] as well as the
corresponding eight bands approximation of absorption coef-
ficient used in the present study.

Figure S4. Comparison between the predicted steady-state
temperature profiles and the results reported by Lee and Vis-
kanta [24], (a) float/clear glass, and (b) green glass.

Figure S5. Spectral absorption coefficient of gray and low-
iron glass reported in Ref. [23] and the corresponding band-
wise Rosseland mean two-band absorption coefficient (jR,1,
jR,2) defined by Eq. (12).

Figure S6. Comparison of the temperature profiles pre-
dicted by using either the spectral absorption coefficient [23]
or the two-band Rosseland mean absorption coefficient
approximation for (a) gray and (b) low-iron soda-lime sili-
cate glass for Tf = 1400°C.

Figure S7. Comparison between experimental data and
numerical temperature profiles predicted using the retrieved
properties reported in Table I for gray soda-lime silicate
glassmelt (composition 1) at furnace temperature Tf of (a)
1350°C, (b) 1400°C, (c) 1450°C and (d) 1500°C.

Figure S8. Comparison between experimental data and
numerical temperature profiles predicted using the retrieved
properties reported in Table II for green soda-lime silicate
glassmelt (composition 2) at furnace temperature Tf of (a)
1300°C, (b) 1350°C, (c) 1400°C, (d) 1450°C, and (e) 1500°C.

Figure S9. Comparison between experimental data and
numerical temperature profiles predicted using the retrieved
properties reported in Table III for clear soda-lime silicate
glassmelt (composition 3) at furnace temperature Tf of (a)
1300°C, (b) 1350°C, (c) 1400°C, (d) 1450°C, and (e) 1500°C.

Figure S10. Comparison between experimental data and
numerical temperature profiles predicted using the retrieved
properties reported in Table IV for low-iron soda-lime sili-
cate glassmelt (composition 4) at furnace temperature Tf of
(a) 1350°C, (b) 1400°C, and (c) 1450°C.
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